Abstract
Introduction

34
A majority of decision making in real projects takes place in an environment in which the 35 objective functions, the constraints and the consequences of possible actions are not precisely 36 known. Moreover, the historical data for long term infrastructure development systems are not 37 normally available and therefore are not directly determinable. Even the available data from 38 previous projects cannot be used directly since in general each project is unique. Difficulties arise if the available information is limited and is of a fuzzy rather than of a stochastic nature. To use 40 historical data (pervious projects), expert knowledge must be applied. Expert knowledge is 41 especially useful in the development phase when insufficient data are available for negotiations 42 (Attarzadeh, 2007 and 2014) .
43
In order to achieve an appropriate simulation modelling in accordance with the nature of the 44 underlying input data, it is common to use non-deterministic methods. Typically, there are two 45 types of uncertainties: randomness due to inherent variability and fuzziness due to imprecision and 46 lack of knowledge and information. The former type of uncertainty is often referred to as objective, 47 aleatory and stochastic whereas the latter is often referred to as subjective, imprecise and being a 48 major source of imprecision in many decision processes. The argument in this paper is that there 49 is a need for a differentiation between these two types of imprecision modelling. The distinction 50 between aleatory and imprecise uncertainty plays a particularly important role in the quantitative 51 risk assessment framework (e.g., MCS) that is applied to complex and long term infrastructure 52 development systems.
53
Risk (randomness characteristic) that refers to probabilistic features is expressed by stochastic 54 models (probability theory and statistical methods) and uncertainty (fuzziness characteristic) that 55 refers to non-probabilistic, also called possibilistic, features is represented by fuzzy sets (theory of 56 possibility). In this research for simplicity, the former is called stochastic and the latter is called 57 fuzzy.
58
A fuzzy set (Zadeh, 1965 ) is a non-probabilistic method used in subjective modelling which 59 overcomes the short comings of the probabilistic methods. Briefly, fuzzy approach is used due to 60 unique aspects of a project, lack of data and subjectivity. In these circumstances subjective generalizes conventional MCS and it can be utilized as an alternative in risk assessment. A 85 comparison of the two approaches relative to their computational requirements, data requirements 86 and availability is provided. Determining negotiation bound and maximizing gains within the 87 bound are the main benefit and advantage of this approach.
88
The focus of this paper is non-probabilistic features of the simulation input data and the 89 representation of the uncertainty by fuzzy numbers. This approach leads to better informed 
99
The negotiation simulation problem, including parameters with undeclared and vague 100 probabilities, is solved by a combination of stochastic simulation and fuzzy analysis. The 101 simulation output is then captured in terms of fuzzy probability which denotes success/failure in The remaining of this paper is organized as follows: firstly, after a discussion on decision 126 making under uncertainty and risk, the related works in the literature are reviewed. Secondly, 127 conventional MCS and value at risk are considered. Thirdly, FR-MCS technique is proposed and 128 studied in detail. A new algorithm is proposed to generate fuzzy random variables. Finally, FR-
129
MCS is applied for decision making under uncertainty and risk in a real case of PPP-BOT project.
Literature Review
131
In the previous researches, the risks and uncertainties affecting PPP-BOT projects are not 132 properly considered. In the literature, probabilistic approach of risk modelling is well established 133 for risk analysis (Weiler, 1965 and supremum values. Secondly, they do not mention why a 5% probability of getting lower and 150 higher values of the histograms of the α-cuts will generate the Inf and Sup of the output α-cut.
151
Thirdly, if only random inputs are considered as the extreme case for this model, the result will 152 not be similar to the traditional MCS approach (Sadeghi et al., 2010 projects is a modification of Moller and Beer (2004) . Uncertainty of the simulation input data can 171 be modelled appropriately with the aid of non-probabilistic methods under possibility theory.
172
Fuzzy set is common non-probabilistic approach for uncertainty modelling. Furthermore, fuzzy 173 probability which is the focus of this paper is applied properly when risk and uncertainty appear 
Monte Carlo Simulation (MCS) Technique
183
MCS is a method for analyzing risk propagation, where the goal is to study the outcome 184 variability of a system (Wittwer, 2004 where µ is mean, SD is standard deviation; z is the number of SD. A key task in the application of variable by first generating a uniformly distributed random number between 0 and 1, and through
200
an appropriate transformation the corresponding random number with the specified probability 201 distribution is then obtained (Ang and Tang, 1984) .
202
Value-at-risk 203 Value-at-risk (VaR) is related to the percentiles of probability distributions and measures the 204 predicted maximum portfolio loss at a specified probability level over a certain period.
205
Mathematically, VaR at a probability level 100(1 − θ)% is defined as the value γ such that the 206 probability that the negative of the investment return will exceed γ is not more than θ: Figure 2 ).
236
A literature review of the current simulation and financial risk evaluation methods shows that
237
VaR system provides decision criteria with a confidence level. Ye and Tiong (2000) defined the 238 NPV-at-risk based on the VaR system as a particular NPV generated for a project at some specific [ , ], see Figure 3 . This aids the illustration of the fuzzy set Ã using its α-level sets as follow:
If the Fuzzy set Ã is convex, each α-level set A α k is a connected interval [ , ] in which:
278
In other words, the α-cut of a continuous convex possibility distribution, Ã, may be understood 
354
The FR-MCS produces two CDFs (i.e., one for upper and one for lower bound) for each alpha-355 cut level except for alpha-cut 1.0 since the lower and the upper bound at alpha-cut 1.0 is the same.
356
For each specific value of y e.g.: y', based on the lower and upper bounds, fuzzy probability of y' 
Algorithm for generating Fuzzy random variable
386
The procedure of generating fuzzy random variable is not the same as that for generating give max and min final results (e.g. the failure probability). This is called global optimization 397 Beer, 2004, 2008) . When some knowledge about simulation function is available, this analysis may be significantly simplified. For example, when the simulation function is monotonic 399 in every direction, then the extreme points are the corners of a hypercube. Only these points need 400 to be checked for optimization.
401
In this paper, a modified and simplified procedure is developed for generating fuzzy random 
409
Step 1: The membership function is cut horizontally at a finite number of α-levels between 0 and This approach is used to model the interested output subject to imprecise boundary conditions and shape.
423
Step 2: The boundary and resulted interval corresponding to α-level is demonstrated as follows: Having more information, other type of distribution function may apply.
433
Step 4: Take the resulted values in steps 1, 2 and 3, including the boundary values in left and right
434
and random variables generated for each α-level, as a set of Fuzzy random variables: = 435 { α , α , α }.
436
Fuzzy probability distribution 437 Fuzzy probability provides a suitable framework for a realistic modelling of risk and 438 uncertainty to ensure that both risky and uncertain input data type is appropriately reflected in 439 computation results. In the framework of fuzzy probability, both the probabilistic and the 
475
Step 2: Sample the i th realization of the probabilistic variables ( 1 , … , ). (Generating random 476 variable for i th iteration)
477
Step 3: Interval calculation, compute the supremum and infimum (largest and smallest) values of 478 = ( 1 , … , ,̃1, … ,̃− ), denoted by and , respectively.
479
Step 4: Return to Step 2 to generate a new realization of the random variables. The above procedure
480
is repeated for i = 1,2, … , N; at the end of the procedure an ensemble of realizations of fuzzy 481 intervals is obtained, that is, ( 1 , … , ).
482
Step 5: Return to step 1, choose another α-cut and repeat the process for new α-cut; after having 
488
Hence, a fuzzy probability distribution function F( ) can be formulated as a fuzzy set of 489 traditional probability distribution function F( ) of random variable X, which is given by:
The functional values of F(x) are fuzzy variables and possess membership functions. Interval is applied. This leads to fuzzy functional value for each specified x.
497
F
The fuzzy probability distribution function F(x) of X may thus be interpreted as being the set of 500 the probability distribution functions F(x) of all originals X of X with the membership values 501 µ (F(x) ). This representation is suitable for numerical processing of fuzzy probabilistic variables.
502
The description of fuzzy probability distribution functions can be realized with the aid of fuzzy 503 variables for parameters in the probability functions. For instance, if the underlying uncertain 504 random variable X is assumed to be normal distribution N(̃,̃) with fuzzy expected value ̃=
505
⟨5.5,6.0,6.8⟩ and fuzzy standard deviation ̃= ⟨0.8,1.0,1.1⟩, then fuzzy PDF and fuzzy CDF can and are shown in Figure 11 . The functional value of F(x) at a specified value x is a fuzzy variable.
509
For instance, F(6) = ⟨0.15,0.5,0.75⟩. All PDFs and CDFs used to describe the variability in a 510 fuzzy probability model have a certain degree of uncertainty (µ: membership function).
511
Reliability modelling and evaluation with Fuzzy data 512 Fuzzy probability can be generalized as is represented in Figure 12 . Two ways to fuzzify the 
518
When it is known which combination of parameters from the alpha-level sets of fuzzy variables 519 in simulation input leads to the boundary/extremes curves in simulation output, any software can 520 be utilized to plot the output, fuzzy probability curves, and gray out the area in between. When it 521 is unknown which combination of parameters leads to the extremes, the best way to get a figure is 522 to perform FR-MCS over the parameter space and plot curve by curve for the result. Now we 523 consider the membership function of the series curves F(x) as follows.
and using the α-cuts:
In this section it was shown that when an uncertainty is associated with the estimates, the 530 simulation output function and other related concepts can be modelled using the intervals of 531 confidence, and fuzzy numbers instead of the probabilistic characterization. The extension 532 principle, which is one of the most important concepts of fuzzy set theory, is used to conduct 533 arithmetic operations on interval of confidence and fuzzy numbers. As can be seen the simulation 534 and financial evaluation method based on the Value-at-risk and uncertainty (VaRaU) approach,
535
which incorporates both risk and uncertainty analysis using confidence and uncertain levels and 536 discount rate concept give more equitable results for all parties involved in the PPP-BOT project.
537
Therefore by these simulation results, negotiations objectives will be promptly obtained.
538
Illustrative Case Study-MCS vs. FR-MCS
539
Typically case studies assume deterministic assumption. FR-MCS has been employed to and bridge project is demonstrated with a realistic case study. To achieve this, a special program 547 has been developed using MATLAB (The MathWorks, Inc., Natick, Massachusetts and Figure 22 represent the x-y and x-z views of fuzzy CDF resulted in Figure 20 respectively.
573
As can be seen, the result of conventional MCS is a CDF which has no uncertainty taken into 574 account while the result of FR-MCS is fuzzy CDFs and has taken uncertainties into account i.e.
575
means to take into account the possibility that uncertainty may increase or reduce. As a result, by 576 taking a specific value of the confidence level in fuzzy CDF, an interval for the decision variable 
Sensitivity analysis of FR-MCS technique
582
The results of FR-MCS are sensitive to fuzziness of the input variables. In the absence of 583 fuzziness (pure probability in inputs) the result of FR-MCS is exactly equal to a CDF which is the profit. It indicates the probability that the rate of return on equity will not be less than hurdle rate,
600
14%. This probability is in the form of a fuzzy set, as shown in Figure 23 . The Level Rank 601 defuzzification method (Moller and Beer, 2004 ) is used to convert the output fuzzy variable into a 602 crisp value. By defuzzifying the output in Figure 23 , it can be stated the probability that the rate 603 of return on equity will not be less than hurdle rate, 14%, is around 79.5% (=1-20.5%).
604
The arbitrary quantile in a Fuzzy CDF is represented as a fuzzy set. Figure 24 , it can be stated that with 10% and 50% probability the rate of return on equity 609 are around 17.10% and 15.20% respectively which are much greater than hurdle rate, 14%. projects.
646
The proposed technique is applied to a BOT toll road and bridge case, whose data requirements 647 are comparatively less difficult or easier to obtain. The membership functions of the parameters of 648 the fuzzy random variables can be formed using imprecise, vague information or expert judgment. 
